We use boundary field theory to describe the phases accessible to a tetrahedral qubit coupled to Josephson junction chains acting as Tomonaga-Luttinger liquid leads. We prove that, in a pertinent range of the fabrication and control parameters, an attractive finite coupling fixed point emerges due to the geometry of the composite Josephson junction network. We show that this new stable phase is characterized by the emergence of a quantum doublet which is robust not only against the noise in the external control parameters (magnetic flux, gate voltage) but also against the decoherence induced by the coupling of the tetrahedral qubit with the superconducting leads. We provide protocols allowing to read and to manipulate the state of the emerging quantum doublet and argue that a tetrahedral Josephson junction network operating near the new finite coupling fixed point may be fabricated with today' s technologies.
Introduction
Quantum impurity models [1] provide a natural paradigm to describe a large number of nonperturbative phenomena occurring in one dimensional quantum devices such as point contacts, constrictions, crossed quantum wires and Josephson junction (JJ) chains [2, 3, 4, 5, 6] . While a standard perturbative approach is accurate when the impurity is weakly coupled to the environmental modes needed to fully describe the quantum device, there are situations in which impurities are strongly coupled to such environmental modes: when this happens, it is impossible to disentangle the impurity from the rest of the system, the perturbative approach breaks down and one has to resort to the non perturbative tools provided by boundary field theories (BFT) [1, 7] , which have been shown to yield accurate descriptions of many realistic low dimensional systems [8] .
Prototypical non perturbative impurities states are realized in systems exhibiting the Kondo effect [9, 10, 11, 12] , or in situations where static defects appear in Tomonaga-Luttinger liquids (TLL)s; for both settings, a renormalization group approach leads, after bosonization [8] , to the emergence of boundary sine-Gordon models [13, 14] . In both cases, the interaction with the impurity makes the boundary coupling strength to scale to a stable strongly coupled fixed point (SFP) which is characterized by a fully screened spin in Kondo systems or by the effective disappearance of the impurity in a "healed" TLL [15, 16] . More remarkable states are achieved when a finite coupling fixed point (FFP) -characterized by new non-trivial universal indices -emerges; for instance, this happens in the overscreened Kondo problems [9, 10, 11, 12] , or in crossed TLLs where, as a result of the crossing, some operators turn from irrelevant to marginal, leading to correlation functions exhibiting power-law decays with nonuniversal exponents [4, 5, 17] .
Quantum impurities are realizable also in superconducting Josephson devices [18, 19, 20, 21] . Superconducting Josephson chains with a weak link [18, 22] and SQUIDs [19, 23] may be indeed described by boundary sine Gordon models yielding a phase diagram with only two fixed points: an unstable weakly coupled fixed point (WFP), and a stable one at strong coupling. At variance, for pertinent architectures of the Josephson junction network (JJN) one may find a range of fabrication and control parameters where a stable FFP emerges in the phase diagram [6] allowing for the engineering of superconducting devices exhibiting enhanced quantum coherence [24] and 4e superconductivity [20] . The stable fixed point is associated with the emergence of a doubly degenerate ground state which may be regarded as a quantum doublet described by a spin 1/2 degree of freedom coupled to the plasmon modes via the boundary interaction; as a result, one may use superconducting devices not only as good candidates for the design of solid state quantum bits [25] but also as efficient quantum simulators of the various physical behaviors realizable in Kondo systems.
Engineering quantum doublets robust against noise and decoherence is of paramount importance for applications to quantum information processing. Quite recently a remarkably robust two-level quantum system has been shown to emerge in a device made with six JJs arranged (see Fig.1 ) in a symmetric tetrahedral geometry [26, 27] . In Refs. [26, 27] it has been pointed out that, when each internal loop is pierced by a dimensionless magnetic flux f = π, the ground state is doubly degenerate and that the degeneracy is robust against small variations in the applied gate voltages and/or in the applied magnetic flux, since the degeneracy is split only to second order in the charge and flux noise. Remarkably, the design of a tetrahedral quantum bit [26, 27] may be modified so as to make it robust also against the noise in the Josephson junction energy [28] .
For any practical purpose (control or reading out the state of the quantum bit) one needs to connect the tetrahedral quantum bit to external leads, which may induce new decoherence effects spoiling the coherence of the quantum doublet [29] . As we shall show, realizing the leads with TLLs, enhances the coherence of this device. This happens if one uses one-dimensional superconducting leads which may be mapped onto TLLs with the Luttinger parameter g depending on the fabrication parameters of the JJN [18, 19, 22, 23, 30, 31] . In this paper, we address this issue by analysing the device made by the central tetrahedral JJN -T -depicted in Fig.1 connected to three JJ chains ending in bulk superconductors at fixed phase φ j , j = 1, 2, 3; the resulting network is depicted in Fig.2 . We show explicitly that the interaction of the central region T with the lowenergy collective excitations (plasmons) of the leads merely renormalizes the "bare" parameters of T and, thus, does not break the tetrahedral "symmetry" responsible for the robust groundstate degeneracy [26, 27] . As a result we exhibit a JJN which is robust also against fluctuations of the lead's parameters and argue that such network may be fabricated with nowadays technolgies [32] .
The paper is organized as follows.
In section 2, we derive an effective spin-1/2 Hamiltonian for T (Fig.1 ). In agreement with the results of refs. [26, 27] , we find that the spectrum of the effective Hamiltonian admits a twofold degenerate groundstate and argue that, in the effective theory, T may be regarded as a spin-1/2 degree of freedom S G . Finally, we derive the low-energy description of the JJN depicted in Fig.2 . We show then that the effective theory is a 1+1 dimensional field theory, where the central region is described by a spin interacting with the leads via a pertinent boundary interaction.
In section 3 we use a perturbative approach to account for the couplings between T and the TLL leads realized with JJ chains. Here, we use a renormalization group approach to determine the flow of the running boundary coupling strengths, as a function of the system size and we determine the range of values of g and f where the perturbative approach breaks down.
In section 4, we analyze the large-scale behavior of the JJN depicted in Fig.2 in the strong coupling limit where the boundary effects induced by T become relevant. In particular, we find the set of minima of the boundary interaction potential at the SFP and construct the instanton operators connecting two degenerate minima. Using the renormalization group approach [33] , we analyse the flow of the coupling constants associated to the instantons. Finally, we show that -for − π 10 f − π π 10 and 1 < g < 3 -a finite coupling fixed point emerges. In section 5 we show that instantons are responsible for the emergence of a two-level quantum system which, due to the network's architecture, is robust, for − , against the decoherence arising from coupling the cental region to the leads. Moreover, we show how the state of the emerging quantum doublet may be manipulated by acting upon the external control parameters.
In section 6 we point out that the quantum doublet emerging in a tetrahedral JJN operating near the FFP may be realized with today's technologies. Section 7 is devoted to concluding remarks. The appendices provide the necessary mathematical background to follow the analysis carried in the text.
Boundary field theory description of the tetrahedral JJN
In this section, we derive the low-energy, long-wavelength description of the JJN depicted in Fig.2 . We shall find that this JJN may be described by a 1+1 dimensional field theory, with a pertinent boundary interaction describing the central region. In the following we shall firstly derive the Hamiltonian associated to the central region T and then construct the BFT describing the JJN in which T is connected to TLL leads realized with JJ chains ending with three bulk superconductors held at fixed phases ϕ 1 , ϕ 2 , ϕ 3 . 
The central region T
T is fabricated with six quantum Josephson junction, joined to each other as depicted in Fig.1 . We assume that, for each junction, the charging energy E C is much bigger than the Josephson energy E W . To prevent Coulomb blockade from forbidding charge transport across T, we further assume that to each superconducting grain is applied a gate voltage V g , tuned nearby the degeneracy between the charge eigenstates with charge equal to N and N + 1. Under these assumptions one can describe each superconducting grain with a quantum spin-1/2 variable S (i) 0 [18, 19, 21] ; this leads to an effective spin-1/2 representation for the Hamiltonian H T describing the central region.
If each internal loop in Fig.1 is pierced by a (dimensionless) magnetic flux f (i.e. f 1 = f 2 = f 3 = f ), a standard procedure [21] yields
In Eq. is determined by the uniform gate voltage bias.
H T can be exactly diagonalized: its eigenvalues and eigenstates are given in Appendix A. There we show also that, for
and |H| ≪ E W , the ground state is twofold degenerate; here, we denote the states of the degenerate quantum doublet as |0, 1 ≡ |⇑ and |0, 2 = |⇓ . The effective spin-1/2 operator S G , acting onto the two-dimensional subspace spanned by {|⇑ , |⇓ } may be then represented as
where a = 1 . . . 3, τ are the Pauli matrices and σ =⇑, ⇓. Although a spin-1/2 degree of freedom emerges quite naturally in pertinently engineered JJN [6, 20, 21] , its robustness -against any detuning of e * V g off the degeneracy value N + 1 2 as well as against any small deviation of the dimensionless magnetic flux f from its optimal value π -is a very challenging task. Indeed in all the devices analyzed in Refs. [6, 20, 21 ] the twofold degeneracy is realized only if f is fine-tuned to π, since any displacement from f = π breaks the doublet degeneracy already to the first order in f −π. At variance, due to the frustration induced by the presence of the central spin S ( 0 0), the tetrahedral central region T is much more stable against noise in the external control parameters.
The emerging quantum doublet S G
A simple symmetry argument provides us with an hint on why the architecture of the central region is relevant for the robustness of the emerging quantum doublet. For this porpouse we first prove that this robustness depends crucially on if the number of junctions needed to fabricate the central region is even or odd.
If the central region is realized with an odd number of junctions -as it happens, for instance, in the Y-shaped networks analyzed in [6] -the ground state degeneracy is a consequence of the invariance of the effective Hamiltonian under time-reversal symmetryT which, for a three-spin effective Hamiltonian describing a triangle-shaped central region [6] , is explicitly realized aŝ
where the operator [ . At variance, when the central region is effectively described by a spin Hamiltonian with an even number of spins (i.e., the number of junctions needed to fabricate the central region is even) the ground state is a spin singlet and, thus, insensitive to a nonzero value of H. Although robustness versus accidental displacements in the applied gate voltage is guaranteed, to get a degenerate ground state requires a fine tuning of the applied flux f to f = π: any displacement of the applied flux off the optimal value f − π breaks the degeneracy between the two ground states already to the first order in f − π.
The tetrahedral geometry of the central region H T provides an optimal compromise between the above complementary issues, since the twofold ground state degeneracy is protected by symmetries that are realized for any value of f . Indeed, time-reversalT is now realized as S s = I ST123 where I S reverses the sign of all the spins andT 123 is defined in Eq. (3) . Looking at the explicit form of the states | ⇑ , | ⇓ , given in appendix Appendix A, one may readily see that
and thatT
Since I S is not a symmetry of H T , one concludes that I S | ⇑ must be an eigenstate of H T , independent of | ⇑ , but degenerate in energy with it, as explicitly shown in Appendix A. This ensures that the twofold ground state degeneracy is allowed within a rather large range of values for the applied flux f . Robustness against variations in the external flux may be easily seen also with the help of a perturbative analysis.Indeed, in order to break the degeneracy between | ⇑ , | ⇓ one may look at situation where the three fluxes are split according to
one may easily compute matrix elements of 
with σ =⇑, ⇓, and⇑ =⇓,⇓ =⇑. From Eqs. (7), one sees that, for f = π, the ground state stays degenerate at least up to first order in the displacements {δ j } δ j . To second order in the {δ j }, one finds that the low energy eigenstates | ⇑ ′ and | ⇓ ′ and their corresponding eigenvalues are given by:
where
From Eq. (8, 9) one sees that the second order corrections to H[{ f }] may be recasted into an effective Hamiltonian H ⊥ , describing the central region as a transverse magnetic field term, given by
Of course, when all the δ j are equal then B ⊥ = 0.
In the next section we shall derive the BFT describing the central region T connected to three TLL leads realized with three JJ chains fabricated with junctions of nominal Josephson energy E J and ending in three bulk superconductors held at fixed phases ϕ 1 , ϕ 2 , ϕ 3 .
Connecting T to TLL leads: the boundary Hamiltonian.
To derive the BFT describing the tetrahedral JJN depicted in Fig.2 we require at first that the leads are realized by one-dimensional JJN for which the Josephson energy E J is bigger than the charging energy E C ; we further assume that there is an uniform gate voltage V g acting on each 7 junction tuned nearby the degeneracy point between the states with N, or N + 1 Cooper pairs at each junction. As a result [18] , each lead may be described by a one-dimentional spin-1/2 chain; if each chain is made out of L sites, the Hamiltonian describing the leads is given by
with
Here, φ a, j is the is the phase of the superconducting order parameter at site-j of the a-chain, P G is the projector onto the subspace of the Hilbert space with either N, or N + 1 Cooper pairs at each superconducting grain, and E z is the effective strength of the charge interaction between nearestneighboring junctions. As a result the low-energy long wavelength limit of the Hamiltonian (11) can be described by a one-dimensional spinless TLL Hamiltonian, given by
where Φ a describes the collective plasmon modes of the leads, while the Luttinger parameters g and u are given by g = π 2(π−arccos(
is the lattice step) [18, 22] .
The leads are connected to T by means of three Josephson junctions, of nominal strength λ ≪ E W < E J , connecting the endpoints of the leads to the outer sites of T. The Hamiltonian describing this interaction is given by [6] 
Using Eq. (15) together with the spectrum of T given in Appendix A, the Schrieffer-Wolff (SW) procedure yields an effective boundary Hamiltonian involving only the low-energy degrees of freedom of T. A rather lengthy computation yields
Perturbative analysis near the WFP
In this section, we determine the flow of the running boundary coupling strengths, and argue about the emergence of nonperturbative fixed point in the phase diagram accessible to the tetrahedral JJN.
Renormalization group flow of the boundary coupling near the WFP.
To check the stability of WFP, we derive the renormalization group (RG) equations for the running boundary coupling strengths. To do so, we use of a boundary version of the RG approach to perturbed conformal field theories, developed by Cardy [34] . The starting point is given by the Euclidean boundary action S (I) B , corresponding to the Hamiltonain in Eq. (16), which is given by
We have defined
, in order to evidence that the "center of mass"
B as expected from charge conservation at T [4, 5, 6] . One may then write the "free" action S 0 = S Lead [ χ] + S S [Φ, Θ] only in term of the fields χ 1 and χ 2 . Namely,
9 and
being the imaginary time action for the quantum spin variable S G reported in appendix Appendix C (Θ, Φ are the polar angles: see appendix Appendix C for details). The partition function for the JJN, Z, is then given by
Dχ DΩe
T τ denotes the imaginary time time-ordered product, and the boundary interaction action is written as
In Eq. (25) the colons : . . . : denote normal ordering with respect to the vacuum of the bosonic theory [18] , with all the expectation values computed with respect to the WFP Hamiltonian, and
where we have used the fact that :
Following the procedure of Refs. [19, 33] , one finds that a rescaling of L implies a renormalization of the couplings, according to the RG flow equations that, to second order in the boundary coupling strenghts, are determined by the short-distance operator product expansions (O.P.E.s) : e ±i α i ·χ(τ) : : e ±i α j ·χ(τ ′ ) :
when α i + α j + α k = 0, and
as well as by the O.P.E.s between the spin-1/2 operators which, may be derived starting from the equations of motion for a spin in magnetic field B = B 2 + B 2 x + B 2 y , given by:
where the angles φ and θ are defined by
The resulting O.P.E.s are:
When B = B ⊥ = 0 spin operators do not evolve in imaginary time and Eq.(34a) reduces to the usual spin algebra
Since at the WFP the fields χ(τ) and S G (τ) are decoupled, from Eq.(28,29) one finds that two different contributions to the boundary action are generated to the second order in the boundary coupling strenghts; to evidence these contributions, one rewrites Eq. (19) as
with the
and
From Eq.(38), one sees that, though terms proportional to
∂ χ ∂τ
are not present in Eq.(19), they are dynamically generated by the renormalization group procedure, yielding a new term given by
The boundary coupling Λ is renormalized from the terms in Eq. (38) . 12
For a set of (dimensionless) boundary couplings g a α , the RG equations to the second order in the couplings are given by:
where 
, one finds that the RG equations for the dimensionless couplings
From Eqs.(41) one sees that no linear term appears in the β-function for the running coupling G Λ , since the corresponding boundary operator has scaling dimension 1, while the ones containing the vertex operators have scaling dimension 1/g. Furthemore, looking at the linear term in the β-functions in Eqs.(41), one sees that the couplings G 1 (l), G z (l), G 3 (l) are all irrelevant for g < 1 and that G Λ (l) scales roughly like e 
From Eqs.(42), one sees that, when g > 1, the boundary interaction provides a relevant perturbation and that the pertubative approach breaks down when the leads reach the healing length L * , for which the biggest dimensionless coupling is of order
is the reference length such that 13
0 E i , with the E i 's defined in Eq. (17); since Eq. (17) shows that the biggest coupling is G 3 (l), L * should be determined from the requirement that G 3 ln
It should be noticed that, for g = 1, one should use Eqs.(41), instead of Eqs. (42), as all the four couplings 
A small value of H should just slightly change the RG flow, possibly to the one corresponding to a Kondo spin with anisotropic couplings to the band electrons [35] .
In the next section, starting from Eqs.(41) we characterize the SFP and investigate its stability against the leading boundary perturbation.
The Strong Coupled Fixed Point
From Eq.(41) one sees that all the boundary couplings become relevant when g > 1; this implies (43) that, as soon as L ≥ L * , the running boundary couplings cross over towards strong coupling. At the SFP, the plasmon fields χ(0) satisfy Dirichlet boundary conditions since their values must coincide with a minimum of H B ; in addition, the leading boundary interaction is a combination of phase slip (instanton) operators describing tunnelling events between the neighboring minima of H B .
Minima of H B
Dirichlet boundary conditions are set by requiring that χ 1 (0), χ 2 (0) take values corresponding to a minimum of H B . To determine the set of minima of H B it is most convenient to represent [4, 5] the spin-1/2 operator S G as a 2×2 matrix and rewrite H B as
In Eq.(45) B ( f ) is given by Eq. (18) while, by comparison with Eq.(16), the V i ( χ(0))'s are determined as
One may now easily look for the eigenvalues of H B as a function of χ 1 (0) and χ 2 (0) obtaining
Since, for any value of χ, one has that Λ 1 ≤ Λ 2 the minima of H B are obtained from the minima a) of Λ 1 ( χ(0)) only. We find that, in the χ 1 (0), χ 2 (0)-plane, these minima are located at the vertices 15 of the Kagome lattice displayed in Fig.3 . The polarization of S G at each minimum is determined by minimizing the boundary energy after the V i 's have been evaluated on the pertinent vertex of the Kagome lattice of minima.
Since at the outer boundary (x = L) χ 1 , χ 2 are connected to three bulk superconductors at fixed phases, the corresponding boundary conditions are given by χ 1 (L, τ) = µ 1 , χ 2 (L, τ) = µ 2 , with the relative phases µ 1 , µ 2 being defined as µ 1 = (ϕ 1 − ϕ 2 )/ √ 2, and µ 2 = (ϕ 1 + ϕ 2 − 2ϕ 3 )/ √ 6. Upon imposing Dirichlet boundary conditions for χ(x, τ) at both boundaries the mode expansion of the plasmon fields is given by
where ξ j = χ j (L) and P j s are the zero mode operators.
The eigenvalues of P j are fixed by the boundary conditions since
n 12 , n 13 being relative integers. The index l accounts for the "red" (R), the "green" (G), and the "blue" (B) sublattices in Fig.3 ;
, while the constants ξ 1 , ξ 2 cancel the terms ∝ µ 1 , µ 2 in χ 1 (0), χ 2 (0), respectively. The spin polarization of S G is uniform throughout each one of the three sublattices; thus, to the minima of H B are associated the states
where cos
and sin
. To the first order in B (i.e. to the first order in ( f − π)) one has:
From the zero-mode spectrum, one sees that the energy of each field configuration gets a zeromode contribution which is quadratic in p; inserting the solution of Eq.(49) in the noninteracting Hamiltonian H LL , one finds the zero-mode contribution to the total energy for each of the three sublattices. Namely, one gets:
• Red-points:
Zero-mode eigenvalues:
Zero-mode contribution to the total energy:
• Green-points:
• Blue-points:
Through the external phases µ 1 , µ 2 one adds an effective quadratic potential breaking the degeneracy of the zero-modes. It is quite remarkable that the zero-mode energy spectrum reported in Eqs.(54,56,58) displays, for convenient choices of the applied phases µ 1 , µ 2 , a threefold degeneracy between the three sites lying at the vertices of a single triangle (box in Fig.3 ). As we shall see in later sections, this feature of a tetrahedral JJN is crucial for its applications to quantum information processing tasks.
Leading boundary perturbation at the SFP
In order to describe effects of the leading boundary perturbation at the SFP one should rewrite the boundary Hamiltonian in terms of the phase-slip operators representing instanton trajectories connecting nearest neighboring sites on the lattice in Fig.3 . For this purpose, it is most convenient to introduce the phase slip field operators Θ 1 (x, t), Θ 2 (x, t), dual to χ 1 (x, t), χ 2 (x, t), and, thus, defined by [6] 1 ug
In particular, Eqs.(59) imply that Θ 1,2 (x, t) obey Neumann boundary conditions at x = 0 and at x = L. As a result, the mode expansion of the instanton fields is given by
A quantum tunnelling between two adjacent minima lying on the lattice shown in Fig.3 involves a quantum jump between different zero mode eigenstates. The quantum phase slip operators corresponding to the allowed quantum jumps,
, are given by:
The vectors ρ i are defined so that 2g
is the "distance" between nearest neighboring eigenvalues of P, as determined by the commutation relations
which yield
In Fig.3 we have represented the quantum jumps between the eigenvales of P corresponding to the operators W † i ; the action of the hermitean conjugate operators W i may be simply represented by reversing the arrows.
Since a tunnelling event between minima of H B involves a rotation in the two dimensional space spanned by the eigenstates of S G , and since the allowed directions of tunnelling from a given minimum depend on the position of this minimum in the Kagome lattice, each quantum phase slip operator has to be multiplied by the spin operator mapping the state {|i } (i = R, G, B,) onto the other two states. As a result the leading boundary perturbation at the SFP is given bỹ
with S i j the operator sending the "j" spin state into the "i" one, while the parameters Y, γ are computed in Appendix D. Since the scaling dimension of the operators
the running coupling strength for the dual boundary coupling may be defined as
with y(L) = LY(L).
Even if ζ is, in general, a complex coupling strength, the renormalization group equations may be derived following the standard procedure used in [6] which, starting from Eq.(65), allows to determine the euclidean dual boundary action at the SFP as
Here
, with Θ(τ) = Θ(0, iτ); one may then compute the β-functions for the boundary coupling strengths [6, 34] by resorting to the O.P.E.s
plus cyclic permutations. From Eq.(67), the second-order renormalization group equation for the running coupling ζ(L) may be written as
where L 0 is, again, a reference length scale. Eq.(68) is equivalent to the system of real differential equations for the real parameters y(L), γ(L) given by
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The quantum doublet at the FFP
In this section we show that the renormalization of the instanton tunnelling strength Y, due to the interaction with the plasmon modes of the TLL leads, enforces the emergence of a quantum doublet robust not only against the noise in the external control parameters but also against the decoherence induced by the coupling with the plasmon modes in the leads.
The emerging doublet at the FFP
Since a real device has a finite size (L) the infinite degeneracy induced at the SFP by the eigenvalues of the zero-mode operators, is removed by finite-size effects; i.e., by the zero-mode contributions to the total energy. As a function of the external phases µ, the zero-mode energy associated to each eigenvalue p is given by
From Eqs.(54,56,58), one sees that, for a pertinent choice of the phases µ, the three zero-mode energies associated to the vertices of a triangle as the one drawn in the box of 
. Thus, if one restricts himself to the three-dimensional subspace F of the Hilbert space spanned by the states |R , |G , |B , an effective low-energy description of the tetrahedral JJN at the SFP may be provided by the 3×3 Hamiltonian matrix H F given by
Form (71) one sees that, when Y 0, the degeneracy between |R , |G and |B is broken and that the spectrum of the low-lying energy states admits as its groundstate a quantum doublet confined away from a singlet state. To see this, let us consider the two operators acting on F whose matrix representations are given by 
For γ = π/3 there is a twofold degenerate eigenvalue E = −Y, and a non degenerate eigenvalue E = 2Y. The corresponding eigenstates are
To rewrite H F using the states given in Eq.(74), one has to rotate it toH F = P † H F P, with the matrix P given by 
21
One obtains
Similarly, by rotating A 2 , one gets Eq. (76) shows that a quantum doublet-this time robust also against decoherence induced by its coupling with the plasmon fields in the TLL leads-emerges in a tetrahedral JJN operated near the FFP. Indeed, accounting for the fluctuations of the plasmon fields amounts only to substitute Y with the running coupling strength, that is ∼
Thus, we find that, via renormalization of the boundary coupling strength, the collective plasmon modes renormalize the instanton fugacity so as to make the gap ∆ between the quantum doublet, | − Y 1,2 , and the first excited singlet, |2Y , scale
Thus, the interaction with the plasmon modes enforces the gap between the quantum doublet and the first excited state.
Manipulation of the quantum doublet at the FFP
Let us, firstly, assume that the external phases µ are tuned nearby, but not exactly at, the triple degeneracy point, µ *
The low-energy effective Hamiltonian H F in the basis |R , |G , |B is now modified to
where we have set
reduces back to the Hamiltonian in Eq.(71). In order to rewrite H F [ ǫ] using the states reported in Eq.(74), one has to rotate it toH
. From Eq.(79), by simply keeping the matrix elements of P † H F [ ǫ]P involving the low energy twofold degenerate ground state, one has
From Eq.(80), one sees that, apart from the term proportional to the identity matrix, the matrix H Eff can be rewritten as 
with z = 
From Eq.(82) one readily gets the low energy effective two states Hamiltonian
, and
is then the Hamiltonian for a spin in an external magnetic field, whose components may be manipulated by acting on the external control parameters of the tetrahedral JJN.
For instance, applying a modulation in time to the phases µ and to the flux f , one may change the relative sign between the two states according to the procedure outlined in Ref. [26] . Indeed, one may modulate in time ǫ 2 , so that ǫ 2 (t) = 
with cos(Θ) = −b z /Λ(t) and Φ(t) = arg(−b x − ib sin(ω 0 t)). As usual, the phases ξ ± (t) are chosen so as to satisfy the condition
Preparing, at t = 0, the system in the state −|Λ(0) , after twice a period 2T = 4πω 0 , the relative phases between | − Y 1 and | − Y 2 becomes ∆Φ = − and ν = b x , one finds ∆Φ = π and, thus, the relative sign between the two states is exchanged. This procedure allows for engineering a NOT port, using the quantum doublet emerging in a tetrahedral JJN at the FFP.
To read the state of the quantum doublet one may look at the pattern of the Josephson currents arising circulating in the JJN when it is biased off the triple-degeneracy point. Indeed, within the restricted subspace F , the current operators are given by
From Eq.(86), one obtains
On the generic state of the doublet given by |α = cos
|−Y 2 , the expectation value of the current operators are 
Engineering a tetrahedral JJN operating near the FFP
Spinless TLL leads may be realized also with classical Josephson junctions -i.e. using junctions for which E J /E c ≥ 1- [36] , which may be easily and reliably fabricated with well tested technologies [32] . In this realization the Luttinger parameter g is given by g ∼ √ πE J /E c [36] and a tetrahedral JJN operating near the FFP may be fabricated by requiring that g = 2 and then setting L * ∼ 10 3 ; this since, for L ≥ L * and 1 < g < 3, the phase slip operators destabilize the SFP. The requirement g = 2 may be easily satisfied by using junctions for which E J /E c ∼ 1.3.
24
Choosing λ ∼ E J /3 (see Eq. (17)) one gets that L * ∼
2 L 0 where L 0 is the reference length of a chain with parameters E J , E 3 . Setting L 0 ∼ 10 yields then L * ∼ 10 3 . Flux noise induced by the shift { f → f + δ i } affects the stability of the quantum doublet since its effects amount to introduce an effective interaction between S G and a magnetic field B breaking the degeneracy between the |R , |G and |B -states. As shown in subsection 4, these fluctuations are potentially dangerous, as they may induce an effective B-field acting on the spin S G , which breaks the degeneracy between |R , |G and |B -states. Since the running coupling strength associated to B ⊥ scales with L as b ⊥ (L) = LB ⊥ one sees that the scale-L Stop -at which " dangerous" instanton trajectories will be suppressed by B ⊥ may be be defined by the condition
To provide a rough estimate of L Stop , one may approximate the actual instanton as a doublewell instanton, by fitting the parameters of the double-well potential V DB so that the minimum and the maximum points (and the values of V DB at the corresponding points) coincide with the ones obtained from H B . A standard computation [23, 37] allows then to estimate the instanton fugacity as
Using the same fabrication parameters as before and fixing
3 . As a result, one may infer that noise in the external flux f (described in our approach by B ⊥ 0 and by a finite L Stop ) does not affect the quantum doublet provided that L Stop > L * .
Concluding Remarks
In this paper we analyzed the phases accessible to a tetrahedral JJN made by coupling a tetrahedral qubit [26, 27] to three JJ chains acting as TLL leads.
We showed that, in a pertinent range of the fabrication and control parameters, a robust attractive FFP emerges due to the geometry of the tetrahedral JJN . In our approach the central regionmade by the tetrahedral qubit-is treated as a quantum impurity of this low dimensional network. As a result, the emergence of a FFP is a non perturbative phenomenon arising from the strong coupling of the impurity with the TLL superconducting leads.
We argued that the new stable FFP is associated with the emergence of a doubly degenerate ground state, which may be regarded as a quantum doublet described by a spin 1/2 degree of freedom, coupled to the plasmon modes of the superconducting TLL leads via the boundary interaction. We showed that this quantum doublet is robust not only against the noise in the external control parameters (magnetic flux, gate voltage) but also against the decoherence induced by the coupling of the tetrahedral qubit with the superconducting leads. For this purpose, we showed that, as the network size increases, the instanton operators, arising from the interaction of the central region with the plasmon modes of the leads, contribute to enforce the energy gap between the twofold degenerate ground state and the first excited state.
We also pointed out how one may device protocols allowing to read and manipulate the state of the quantum doublet emerging at the FFP; we saw that this may be achieved by connecting the tetrahedral JJN to three bulk superconductors at fixed phases {ϕ j } ( j = 1, 2, 3 -see Fig.2 ). Indeed, we showed that, acting on the {ϕ j }, induces an "effective magnetic field", which couples to the emerging two-level quantum system, providing a tool to prepare the two-level quantum system in a given state.
Finally, it is worth to point out that superconducting devices such as the tetrahedral Josephson junction network analyzed in this paper may be used to simulate physical behaviors realizable in Kondo systems. Indeed, our RG analysis showed that, for g = 1 and G z (l = 0) = 0, the tetrahedral JJN may be used to simulate a Kondo spin pertinently coupled to band electrons.
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Appendix A. The central region energy eigenstates
In this appendix we report the full spectrum of the Hamiltonian given in Eq.(1), for a generic value of the applied flux f . In particular, we will single out the twofold degenerate ground state whose levels have been used in section 2.2, to define the effective spin-1/2 operator S G . The eigenstates, together with the corresponding energy eigenvalues, are given by 3 .: m = 2: a fully polarized spin-2 state:
four states given by
3 notice that the spin labels correspond to sites 0,1,2,3, respectively; we shall set s = 1 + 3 sin 2 f and t =
this is again a fully polarized spin state given by
From the knowledge of these states the effective Hamiltonian for the central region T given in section 2.1 may be easily derived.
To compute Z, one has to sum over the oscillating modes of the fields χ j , by pertinently taking into account boundary conditions at both boundaries. At the inner boundary (x = 0), these are determined by energy conservation and are given by ug 2π
where, in order to account for normal ordering of boundary interaction operators, the boundary [6, 18] . From Eq.(B.2), one easily sees that, at the WFP, energy conservation requires Neumann boundary conditions, for the plasmon fields at x = 0 (i.e. 
As a result, the mode expansion of the fields χ j (x, τ) is
where the oscillator modes α i (n) satisfy the algebra
For our purposes it is convenient to define "spin-1/2 current operators", that is, operators acting on the two-dimensional Hilbert space of S G and giving the correct value of the current, when S G is averaged over, as well. It is straightforward to see that these operators are given by
Dχ j e
Relying over the weak coupling assumption, one may sum over the plasmon modes χ j within a mean-field like approach. In particular, because of the mode expansion in Eq.(B.3), one gets
Thus, one readily sees that, resorting to the mean-field approximation amounts to trade χ(τ) for the applied phase differences µ. As a result, one obtains where the average is computed over the spin coordinates. The corresponding current pattern may be derived from Eq.(B.5) and from Eq.(B.9): clearly, it discriminates between the two states | ⇑ , | ⇓ . The same procedure may be applied to probing a generic state of S G , obviously as long as the modification in the state induced by the application of the phases µ is negligible. On the other hand, when no other fields are applied to S G (that is, when B = B ⊥ = 0), the phases (and, of course, the currents) themselves may be regarded as defining an effective applied field B, whose components are given by In this case the phases may be used to drive the state of the two-level system, just as a local magnetic field applied to a true spin-1/2 variable. to get the results given in Eqs. (32,34a) . When B 0 one may use a similar analysis, provided one chooses the z axis directed along the direction of B and rotates the components of S G accordingly.
Appendix D. Derivation of the modulus and phase for instanton trajectories
In this appendix, we derive the modulus Y and the phase γ of the instanton tunnelling amplitudes.
First of all we recall that the instanton trajectory may be regarded as the imaginary time evolution, P = P(τ), of the zero mode contribution to Eq.(refeq:mode-exp-strong); it describes a tunnelling event between nearest neighboring sites on the lattice of the minima. The "bulk" Euclidean action for the field χ that is, the phase contribution to the amplitude of loop tunnelling. Assuming that the three instanton tunnelling are equivalent, one naturally assign to each tunnelling amplitude a third of the total phase. Thus, the single instanton tunnelling amplitude is given by:
, (D.14)
which is the result used in the paper.
